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Abstract
We have started to study quasi-diagonal flows (or strongly continuous one-parameter automorphism
groups) on C∗-algebras, which are approximable by flows on matrix algebras in some sense and include
approximately inner flows on quasi-diagonal C∗-algebras. We shall show quasi-diagonal flows can be liter-
ally approximated by flows on finite-dimensional C∗-algebras on some representation space if they are on
exact C∗-algebras, extending similar results by Dadarlat and Brown on exact C∗-algebras.
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1. Introduction
We have defined the notion of quasi-diagonal flow by closely following the definition of quasi-
diagonal C∗-algebras (see, e.g., [13]) and derived basic properties by generalizing Voiculescu’s
results [11,12] and Blackadar–Kirchberg’s results [2] (see [8,7]). In particular we indicated,
loosely speaking, how quasi-diagonal flows are approximated by FD flows, i.e., flows on finite-
dimensional C∗-algebras. The flows (on certain UHF algebras or AF algebras) arising from
quantum lattice models are quasi-diagonal.
In this paper we derive another property for quasi-diagonal flows on exact C∗-algebras by
closely following two papers; one [5] by M. Dadarlat and the other [4] by N. Brown. This
will be a quite natural extension of their results to flows. Their results go like this. If A is
a separable quasi-diagonal exact C∗-algebra and π is a faithful representation then π(A) is
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like this. If α is a quasi-diagonal flow on a separable exact C∗-algebra A and (π,U) is a covari-
ant representation such that π × U is a faithful representation of the crossed product A ×α R
and (π ×U)−1(K(Hπ )) is generated by π−1(K(Hπ )), where K(Hπ ) is the C∗-algebra of com-
pact operators, then (π(A),U) is approximated by flows (C,V ) where C is a finite-dimensional
C∗-subalgebra of B(Hπ ) and V is a unitary flow close to U leaving C globally invariant. There
are some details on how this approximation can be done. Thus we give another expression of
how quasi-diagonal flows on exact C∗-algebras can be approximated by FD flows. See [8,7] for
other characterizations.
We give the above-mentioned results in Section 2; see especially Corollary 2.9 and Theo-
rems 2.11 and 2.13. (The conclusions of these two theorems are only slightly different while the
situation of the former is apparently more restrictive. The former is used in the proof of the latter.
Some details of the proof of the corollary will be given in Section 5.) To prove them we will need
a generalization of Voiculescu’s result, Theorem 1.3 of [11], which was left out in [8] and will
be presented in Section 3. In doing so we will also correct some inadequate points in the state-
ments and proofs of the results presented in [8] as generalizations of Voiculescu’s results [11]. In
Section 4 we will note a property all the flows on a separable exact C∗-algebra have; so a flow
version of a characterizing property of exact C∗-algebras comes automatically. We will also give
a similar remark on flows on amenable C∗-algebras.
This work was prompted by the visits of Professors H. Araki and D.W. Robinson to Sapporo
in September, 2011, in response to the author’s invitations, to whom he would like to express his
gratitude.
2. Main results
We will be concerned with separable C∗-algebras and assume that a representation of such
a C∗-algebra is always on a separable Hilbert space and is non-degenerate. (But the non-
degeneracy is not essential.)
When α is a flow on a separable C∗-algebra we mean by a covariant representation (π,U)
of (A,α) that π is a non-degenerate representation of A on a separable Hilbert space Hπ
and t → Ut is a strongly continuous homomorphism of R into the unitary group on Hπ such
that AdUtπ(x) = παt (x), x ∈ A. We will denote the self-adjoint generator of U by HU , i.e.,
Ut = eitHU .
If π is any representation of A such that the kernel of π is α-invariant, π would be approxi-
mately covariant by Voiculescu’s result [11], i.e., there is a sequence (Un) of unitary flows onHπ
such that AdUn,tπ(x) converges to παt (x) in norm for x ∈ A uniformly in t on every bounded
set. The reasoning goes as follows. If I = π−1(K(Hπ ) ∩ π(A)) is a non-zero ideal, then let H1
be the closure of π(I)Hπ and let H2 = H⊥1 . Then π is given as the direct sum of π |H1 and
π |H2 where π |H1 is a direct sum of covariant irreducible representations as easily seen. Thus
to handle π |H2 we are reduced to the situation that π is essential, i.e., K(Hπ ) ∩ π(A) = 0. We
pick up a covariant representation (ρ,V ) such that ρ−1(K(Hρ)) = Ker(ρ) = Ker(π) and then
choose a sequence (Wn) of unitaries from Hπ onto Hρ (by [11]) such that π(x)−W ∗n ρ(x)Wn is
compact and converges to zero in norm for x ∈ A. We set Un,t = W ∗n VtWn; then AdUn,tπ(x) ≈
AdUn,t AdW ∗n ρ(x) = AdW ∗n ραt (x) ≈ παt (x). Thus we may further impose the condition in
choosing (Un) that AdUn,tπ(x)−παt (x) is compact for all x ∈A. Note in this case that AdUn,t
defines a flow on the C∗-algebra π(A)+K(Hπ ). If all the representations are covariant, then α
is universally weakly inner, i.e., the implementing unitary flow exists and may be chosen from
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universally weakly inner but are still approximable by FD flows in a sense. This will place some
restrictions on C∗-algebras themselves.
Definition 2.1. Let α be a flow on a C∗-algebra A. We call α an RF flow if (A,α) has a faithful
family of covariant finite-dimensional representations.
If α is an RF flow, then A is, in particular, a residually finite-dimensional C∗-algebra. It
follows that RF flows are quasi-diagonal. That is, α has a faithful covariant representation (π,U)
such that (π(A),U) is quasi-diagonal in the following sense.
Definition 2.2. We call (π(A),U) quasi-diagonal if for any finite subset F of A, any finite
subset G of Hπ , and  > 0, there is a finite-rank projection E ∈ B(Hπ ) such that ‖[E,π(x)]‖
‖π(x)‖ for x ∈F , ‖(1 −E)ξ‖ ‖ξ‖ for ξ ∈ G, and ‖[E,Ut ]‖ <  for t ∈ [−1,1].
We recall that π(A) is then a set of quasi-diagonal operators on Hπ . The above definition
works even if the separability assumption is dropped.
Lemma 2.3. Suppose that (π(A),U) is quasi-diagonal. Then there is an increasing sequence
(Pn) of finite-rank projections onHπ such that ‖[Pn,π(x)]‖ → 0 for x ∈ A and ‖[Pn,HU ]‖ → 0
and limn Pn = 1.
Here of course we assume that A is separable as well as Hπ . See Proposition 1.3 of [8] and
the proof of Lemma 4.6 of [7].
Let A and B be C∗-algebras. Given two completely positive (CP) maps φ1, φ2 of A into B we
write φ1  φ2 if φ2 − φ1 is CP.
Lemma 2.4. Let α be a flow on a unital C∗-algebra A. Let H be a self-adjoint operator on a sep-
arable Hilbert spaceH and let γt = Ad eitH on B(H). Let B(H)γ be the maximal C∗-subalgebra
of B(H) on which γ is strongly norm-continuous. Let φ be a unital CP map of A into B(H)γ
and  > 0 such that Ker(φ) contains an ideal I of A and
γ−t φαt  e|t |φ
for all t ∈ R. Then there exist a covariant representation (π,U) of (A,α) and an isome-
try W of H into Hπ with P = WW ∗ such that π(A)PHπ is dense in Hπ , Ker(π) ⊃ I ,
φ(·) =W ∗π(·)W , ‖[P,HU ]‖ /2, and W ∗HUW =H .
Proof. See Lemma 4.3 of [7], which is the covariant version of the Stinespring theorem. If
x ∈ I then Pπ(axb)P = 0 for all a, b ∈ A. Since π(A)PHπ is dense in Hπ we conclude that
π(x) = 0. 
For N ∈ N let MN denote the C∗-algebra of N ×N matrices.
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the following conditions are satisfied: For a flow β on MN and a unital CP map σ : A → MN
satisfying
β−t σαt  eδ|t |σ
and for a finite set F of A, there exist an α-invariant ideal I of A and a unital CP map φ : A →
MN such that dimA/I < ∞, Ker(φ) ⊃ I , ‖φ(x)− σ(x)‖ ‖x‖ for x ∈F , and
β−t φαt  e|t |φ.
Proof. We fix a self-adjoint matrix H ∈ MN such that βt = Ad eitH . We obtain a covariant
representation (π,U) of (A,α) and an isometry W : CN →Hπ by Stinespring’s theorem applied
to the pair σ,H as in Lemma 2.4. In particular H =W ∗HUW and ‖[WW ∗,HU ]‖ δ/2.
Let (πn,Un) be a sequence of covariant representations of (A,α) such that dimHπn <∞ and
the representation
⊕
n πn × Un of A ×α R is faithful and essential on the Hilbert space H =⊕
nHπn . Then by Voiculescu’s theorem (Theorem 3.1 of [8]) there is a sequence (Vk) of isome-
tries ofHπ intoH such that ‖π(x)−V ∗k (
⊕
n πn(x))Vk‖ → 0 for x ∈A, and ‖[Fk,
⊕
n Hn]‖ → 0
and ‖HU − V ∗k (
⊕
n Hn)Vk‖ → 0 and these differences are compact, where Fk = VkV ∗k and
Hn = HUn . We may further suppose that VkWCN ⊂
⊕m(k)
n=1 Hπn for some m(k) ∈ N. To show
this fix k and let P be the projection onto VkWCN and let EK be the projection onto⊕Kn=1Hπn .
Then EKPEK → P and δ(EKPEK) → δ(P ) where δ = ad(i⊕n Hn) is a closed derivation on
K(H) (see [3] for the basics of derivations). If PK denotes the projection obtained from EKPEK
by continuous functional calculus defined for large K , then PK → P and δ(PK) → δ(P ). If YK
is the unitary obtained from PKP + (1 − PK)(1 − P) ∈K(H)+ 1 by polar decomposition then
YK → 1 and δ(YK) → 0. Since YKVkCN ⊂⊕Kn=1Hπn , YKVk instead of Vk satisfies the required
condition for a sufficiently large K =m(k).
Set
φk(x) =W ∗V ∗k
m(k)⊕
n=1
πn(x)VkW
which is a unital CP map of A into MN and satisfies that ‖σ(x) − φk(x)‖ → 0. Note also
that ‖H − W ∗V ∗k (
⊕m(k)
n=1 Hn)VkW‖ → 0 and that φk vanishes on Ik =
⋂m(k)
n=1 Ker(πn) with
dimA/Ik < ∞. We shall replace φk by
ϕk = 2
∫
e−|t |β−t φkαt dt
which is a unital CP map of A into MN with β−t ϕkαt  e|t |ϕk . Let P = WW ∗ and H0 =
PHUP + (1 − P)HU(1 − P), and let Zt = Ute−itH0 ∈K(Hπ )+ 1 which satisfies ‖Zt − 1‖
δ|t |/2. Since
β−t σαt (x) = AdW ∗ Ad
(
e−itPHUP
)(
P
(
AdZt Ad eitH0π(x)
)
P
)
,
A. Kishimoto / Journal of Functional Analysis 264 (2013) 551–569 555we deduce that ‖σ(x)− β−t σαt (x)‖ δ|t |‖x‖ 2|t |‖x‖/2. Since
∥∥ϕk(x)− σ(x)∥∥ 2
∫
e−|t |
∥∥φkαt (x)− βtσ (x)∥∥dt,
we in turn obtain that
∥∥ϕk(x)− σ(x)∥∥ 2‖x‖ +

2
∫
e−|t |
∥∥φkαt (x)− σαt (x)∥∥dt.
Since ‖φk(x)− σ(x)‖ → 0 for all x ∈ A, there is a k ∈ N such that ‖ϕk(x)− σ(x)‖ ‖x‖ for
x ∈F . Then φ = ϕk satisfies the required conditions. 
Lemma 2.6. Let α be an RF flow on a unital separable C∗-algebra A and let (π,U) be a
covariant nuclear representation of (A,α). Let γt = AdUt on B(Hπ ) and let B(Hπ )γ be the
maximal C∗-subalgebra of B(Hπ ) on which t → γt (x) is strongly norm-continuous. Then for
any decreasing sequence (n) of positive numbers converging to zero there exist a sequence (rn)
in N and a flow βn on Mrn , a unital CP map σn of A into Mrn , and a unital CP map τn of Mrn
into B(Hπ )γ for each n such that βn,−t σnαt  en|t |σn, γ−t τnβn,t  en|t |τn, and
∥∥τnσn(x)− π(x)∥∥→ 0, x ∈A.
Proof. Since we have assumed that π is a nuclear homomorphism from A into B(Hπ ) there
exists a sequence (rn) in N with unital CP maps σn : A → Mrn and τn : Mrn → B(Hπ ) such
that ‖τnσn(x) − π(x)‖ → 0 for x ∈ A. We may further suppose that σn is α-covariant, i.e.,
there is a covariant representation (πn,Un) with a finite-rank projection Pn on the representation
Hilbert space Hn such that PnHn is in the domain of the self-adjoint generator Hn of Un and σn
can be identified with Pnπn(·)Pn. (See the proof of Lemma 4.1 of [7].) By adding a covariant
representation to (πn,Un) if necessary we may suppose that πn ×Un is faithful and essential.
Fix a finite subset F of A and  > 0. We will find unital CP maps σ : A → Mr and τ :
Mr → B(H)γ and a flow β on Mr for some r such that β−t σαt  e|t |σ , γ−t τβt  e|t |τ and
‖τσ (x)− π(x)‖ <  for x ∈F .
Since (πn(A),Un) is quasi-diagonal, for any δ > 0 there is a finite-rank projection E on Hn
such that Pn  E and ‖[E,Hn]‖ < δ/2. Denote by V the unitary flow on EHn generated by
EHnE and set βt = AdVt on B(EHn). Then since ‖EHn(1 −E)‖ δ/2 it follows that ‖(Ut −
Vt )E‖ δ|t |/2.
We fix n and set σ ′(x) =Eπn(x)E, which is a unital CP map of A into B(EHπn)=Mr with
r = dimEHπn satisfying ‖β−t σ ′αt − σ ′‖ δ|t |. We replace σ ′ by the unital CP map σ ′′ : A →
Mr defined by
σ ′′(x) = 
2
∫
e−|t |β−t σ ′αt (x) dt.
Then it follows that ‖σ ′′ − σ ′‖ δ/.
We define a CP map τ ′ of B(EHn) into B(Hπ )γ by τ ′(Q) = τn(PnQPn), which satisfies that
τ ′σ ′(x) = τnσn(x). Then we define a CP map τ ′′ : B(EHn)→ B(Hπ )γ by
τ ′′(x) = 
∫
e−|t |γ−t τ ′βt dt.2
556 A. Kishimoto / Journal of Functional Analysis 264 (2013) 551–569Since ‖γ−t τ ′βtσ ′(x) − π(x)‖  ‖βtσ ′(x) − σ ′αt (x)‖ + ‖γ−t τ ′σ ′αt (x) − π(x)‖  δ|t |‖x‖ +
‖τnσnαt (x)− παt (x)‖, we estimate ‖τ ′′σ ′(x)− π(x)‖ as less than or equal to
δ/‖x‖ + 
2
∫
e−|t |
∥∥τnσnαt (x)− παt (x)∥∥dt.
Since ‖τ ′′σ ′′(x)− π(x)‖ δ/‖x‖ + ‖τ ′′σ ′(x)− π(x)‖ and β−t σ ′′αt  e|t |σ ′′ and γ−t τ ′′βt 
e|t |τ ′′, we obtain the desired σ, τ as σ ′′, τ ′′ by setting δ = 2/4 and choosing a sufficiently
large n. 
Lemma 2.7. Let α be an RF flow on a unital separable exact C∗-algebra A. Let (π,U) be
a covariant representation of (A,α) such that π × U is a faithful essential representation of
A ×α R. Then there exists a sequence (πn,Un) of covariant representations of (A,α) on the
Hilbert space Hπ such that dimπn(An) <∞, HU −HUn is compact, ‖HU −HUn‖ → 0, and∥∥π(x)− πn(x)∥∥→ 0, x ∈A.
Proof. Since we have assumed that A is exact, π is nuclear; thus one can apply Lemma 2.6
to (π,U). Hence there exist unital CP maps σn : A → Mrn and τn : Mrn → B(Hπ )γ with γt =
AdUt as described there. In particular ‖π(x)− τnσn(x)‖ → 0 for x ∈A. By Lemma 2.5 we may
further assume that Ker(σn) contains an ideal In such that A/In is finite-dimensional. By setting
φn = τnσn we obtain a sequence (φn) of unital CP maps of A into B(H)γ such that Ker(φn)
contains an ideal of finite codimension, γ−tφnαt  en|t |φn, and ‖φn(x)−π(x)‖ → 0 for x ∈A,
where (n) is a decreasing sequence converging to zero.
By Lemma 2.4 applied to φn we obtain a covariant representation (ρn,Vn) on a Hilbert
space Hn and an isometry Wn : Hπ → Hn with Pn = WnW ∗n such that dimρn(An) < ∞,
φn(x) = W ∗n ρn(x)Wn, ‖[Pn,Hn]‖  n/2, and HU = W ∗nHnWn, where Hn is the self-adjoint
generator of Un. Since ‖Pnρn(x∗)(1 − Pn)ρn(x)Pn‖ = ‖φn(x∗x) − φn(x∗)φn(x)‖ which con-
verges to zero as n→ ∞, it follows that ‖[Pn,ρn(x)]‖ → 0 for any x ∈ A. We define a unital CP
map λn from A into B((1 − Pn)Hn) by λn(x) = (1 − Pn)ρn(x)(1 − Pn).
Let F be a finite subset of A and  > 0. Then there exists an n ∈ N such that n <  and
‖φn(x) − π(x)‖ <  and ‖[Pn,ρn(x)]‖ <  for x ∈ F . Then the norm difference between ρn
and Pnρn(·)Pn ⊕ λn on each of F is less than  and Hn − PnHnPn ⊕ (1 − Pn)Hn(1 − Pn)
is compact (on the domain of Hn) and has norm less than . We denote these two facts by
ρn ∼ Pnρn(·)Pn ⊕λn. The unitary Wn from Hπ onto PnHn satisfies that W ∗nPnHnPnWn =HU
and ‖W ∗nPnρn(x)PnWn − π(x)‖ < , x ∈ F ; so we may write Pnρn(·)Pn ⊕ λn ∼ π ⊕ λn as
well. From the above two observations follows what we should mean by
ρn ∼2 π ⊕ λn.
By a version of Voiculescu’s theorem, Theorem 3.1 of [8], there is a unitary Z of Hπ ⊕ Hπ
onto Hπ such that ‖π(x)⊕π(x)−Z∗π(x)Z‖ < , x ∈F and HU ⊕HU −Z∗HUZ is a compact
operator of norm less than ; hence
π ⊕ λn ∼ π ⊕ π ⊕ λn.
Since π ⊕ ρn ∼ π again by Voiculescu’s theorem, it follows that π ⊕π ⊕ λn ∼2 π ⊕ ρn ∼ π .
Thus π ∼6 ρn, i.e., there is a unitary Y of Hπ onto Hn such that ‖π(x) − Y ∗ρn(x)Y‖ < 6,
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a covariant representation (Y ∗ρn(·)Y,Y ∗VtY ) on Hπ which approximates (π,U) and has finite-
dimensional range. (See [1] for this kind of arguments using ∼ .) 
Proposition 2.8. Let A be a unital separable exact C∗-algebra and α a flow on A. Suppose that
there exists a faithful family of quasi-diagonal covariant irreducible representations of (A,α).
Let (π,U) be a covariant representation on a separable Hilbert space such that π × U is a
faithful and essential representation of A ×α R. Then there exist a sequence (φn) of unital CP
maps of A into B(Hπ ), a sequence (hn) in Asa , and a sequence (Hn) of self-adjoint operators
on Hπ such that φn(A) is a finite-dimensional C∗-algebra, Ad eitHnφn = φnα(hn)t , ‖hn‖ → 0,
HU + π(hn)−Hn is compact, ‖HU −Hn‖ → 0, and ‖π(x)− φn(x)‖ → 0 for x ∈ A.
Proof. First we assume that there is an increasing sequence (An) of α-invariant RFD
C∗-subalgebras of A such that α|An is an RF flow and ⋃n An is dense in A. Let Fn be a subset
of An such that (Fn) is increasing and
⋃
nFn is dense in A. Note that An is an exact C∗-algebra
and (π |An,U) is a covariant representation of (An,α|An) such that (π |An) ×U is faithful and
essential. By Lemma 2.7 one finds a covariant representation (πn,Un) of (An,α|An) on Hπ
such that dimπn(An) < ∞, HU − Hn is compact and ‖HU − Hn‖ < 1/n with Hn = HUn , and
‖π(x)− πn(x)‖ < 1/n for x ∈ Fn. By Arveson’s extension theorem there is a unital CP map φ
of A onto πn(An) such that φ|An = πn. For T > 0 let
φT = 12T
T∫
−T
AdUn,−t φαt dt.
Since φT is also a CP extension of πn and πn(An) is finite-dimensional, we obtain a CP exten-
sion φn, as an accumulation point of φT as T → ∞, such that φn|An = πn and AdUn,tφn = φnαt .
In this case the proof is complete with hn = 0.
In general if we are allowed to perturb α slightly we can obtain such (An) by Lemma 5.7
and its proof of [7]. That is, for any  > 0 there is an h ∈ Asa such that ‖h‖ <  and the flow
α(h) generated by δα + ad ih satisfies the condition in the previous paragraph, where δα is the
generator of α. Now the conclusion follows easily. 
If (π,U) satisfies the conclusion of the above proposition, then α is quasi-diagonal. If A is
unital and simple in addition and α has full Connes spectrum, then A ×α R is primitive but not
simple (as there are ground and ceiling states). In this case there is a covariant representation
(ρ,V ) of (A,α) such that ρ is irreducible and ρ × V is faithful (some details will be given
in Section 5 for the proof of this fact). If it is faithful then it is automatically essential as seen
from the following arguments: If it is not, then let I = (ρ × V )−1(K(Hπ )), which gives a non-
trivial ideal of A ×α R isomorphic to the compact operators. Then αˆt (I ) is also such an ideal
and (ρ × V )αˆt (I ) ⊂ K(Hπ ) for t ∈ R, which implies that αˆt (I ) = I , where αˆ is the dual flow
on A ×α R. Since the αˆ-invariant ideals of A ×α R are {0} or A ×α R, this implies A ×α R is
isomorphic to K(Hπ ), a contradiction. In this way we obtain:
Corollary 2.9. Let A be a unital simple separable C∗-algebra and let α be a flow on A such that
α has full Connes spectrum. Then the following conditions are equivalent:
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2. There exists a covariant irreducible representation (π,U) such that π × U is faithful and
essential and quasi-diagonal.
3. For any covariant representation (π,U) of (A,α) if π×U is faithful and essential there exist
a sequence (φn) of unital CP maps of A into B(Hπ ), a sequence (hn) in Asa , and a sequence
(Hn) of self-adjoint operators on Hπ such that φn(A) is a finite-dimensional C∗-algebra,
Ad eitHnφn = φnα(hn)t , ‖hn‖ → 0, HU + π(hn) − Hn is compact, ‖HU − Hn‖ → 0, and
‖π(x)− φn(x)‖ → 0 for x ∈A.
In general we do not know if (A,α) can be approximated by RF flows as in Lemma 5.7 of [7]
when it is quasi-diagonal (with some additional condition on A). But it could be approximated
by RF flows on a representation space. This fact would be used in the proof of Theorem 2.11
below by following the arguments given by Dadarlat [5].
Lemma 2.10. Let α be a flow on a separable C∗-algebra A and let B be an α-invariant
C∗-subalgebra of A such that BA is dense in A (or B has an approximate identity for A).
Let (π,U) be a covariant representation of (B,α|B) such that π × U is a faithful and es-
sential representation of B ×α|B R. Then there exists a sequence of covariant representations
(πn,Un) of (A,α) on the same Hilbert space Hπ such that πn ×Un is faithful and essential and
π(b) − πn(b) is compact with ‖π(b) − πn(b)‖ → 0 for b ∈ B and HU − HUn is compact with
‖HU −HUn‖ → 0.
Proof. Let (ρ,V ) be a covariant representation of (A,α) such that ρ×V is faithful and essential.
By Viculescu’s theorem applied to (π,U) and (ρ|B,V ) there is a sequence of unitaries Wn :
Hπ →Hρ such that πn =W ∗n ρ(·)Wn and Un =W ∗n VWn satisfy the required conditions. 
The following is a flow version of Theorem 6 of [5].
Theorem 2.11. Let α be a flow on a separable C∗-algebra A and let (π,U) be a covariant repre-
sentation of (A,α) such that π ×U is a faithful and essential representation of A×α R. Then α
is quasi-diagonal if and only if there exist a sequence (Cn) of finite-dimensional C∗-subalgebras
of B(Hπ )γ with γt = AdUt , a sequence (φn) of CP contractions of A into Cn, and a se-
quence (Zn) of unitary flows on Hπ such that AdZn,t (Cn) = Cn and ‖HU − HZn‖ → 0, and
‖π(x)− φn(x)‖ → 0 for x ∈ A.
Proof. To show the if part it suffices to show that (π(A),U) is quasi-diagonal.
Since t → AdZn,t defines a flow on Cn the pair (Cn,Zn) is quasi-diagonal. That is, since there
is a self-adjoint Kn ∈ Cn such that AdZn,t = Ad eitKn on Cn, one can find an increasing sequence
(Em) of finite-rank projections in B(Hπ )∩C′n such that limmEm = 1 and ‖[Em,HZn −Kn]‖ =
‖[Em,HZn]‖ → 0 as m → ∞. Then one deduces that ‖[Em,Ut ]‖  ‖[Em,HZn ]‖ + 2‖HU −
HZn‖ for t ∈ [−1,1] and that ‖[Em,π(x)]‖  2‖π(x) − φn(x)‖ for x ∈ A. This concludes the
proof of the if part.
To prove the only if part we realize (A,α) on a separable Hilbert space E , i.e., A ⊂ B(E),
αt = Ad eitH |A for some self-adjoint operator H on E such that this gives a faithful essential
representation of A ×α R. Hence in particular (A, eitH ) is quasi-diagonal by assumption. We
may suppose that A is unital.
A. Kishimoto / Journal of Functional Analysis 264 (2013) 551–569 559By Lemma 2.3 there exists an increasing sequence (Pn) of finite-rank projections on E such
that limn Pn = 0, ‖[Pn,x]‖ → 0, x ∈ A, and ‖[Pn,H ]‖ → 0. Let En = Pn − Pn−1 with P0 = 0
and set D(x) =∑∞n=1 EnxEn. Let F be a finite subset of A and  > 0. We can assume the
following: H0 =∑∞n=0 EnHEn is well defined with H − H0 ∈ K(E) and ‖H − H0‖ < , x −
D(x) ∈K(E) for x ∈A, and ‖x −D(x)‖ <  for x ∈F . We set βt = Ad eitH0 on B(E) and note
that t → βt (D(x)) is norm-continuous for x ∈ A. Let D be the β-invariant C∗-algebra generated
by D(x), x ∈ A. Then it follows that D is RFD and D +K(E) = A +K(E). Note that since A
is exact so is A+K(E) (see the proof of Theorem 6 of [5]). Note also that D is exact as being a
subalgebra of an exact C∗-algebra.
By Lemma 2.10 there is a covariant representation (σ,V ) on Hπ of (A+K(E),Ad eitH ) such
that ‖π(x) − σ(x)‖ <  for x ∈ F and ‖HU − HV ‖ < . Let Yt = eit (HV +σ(H0−H))V−t which
is a unitary in σ(A + K(E)) + 1 and is a cocyle with respect to t → AdVt |σ(A + K(E)). Let
V ′t = YtVt ; (σ,AdV ′) is a covariant representation of (A +K(E), β). By applying Lemma 2.7
to (D,Adβ) we obtain a covariant representation (ρ,Z) of (D,β) such that C = ρ(D) is finite-
dimensional and ‖HV + σ(H0 −H)−HZ‖ <  and ‖σ(D(x))− ρ(D(x))‖ <  for x ∈F . Let
φ be a CP map of A+K(E) into ρ(D) such that φ|D = ρ and AdZtφ = φβt . Then if x ∈F , we
can estimate ‖π(x)− φ(x)‖ as at most
∥∥π(x)− σ(x)∥∥+ ∥∥σ(x)− σD(x)∥∥+ ∥∥σD(x)− ρD(x)∥∥+ ∥∥φD(x)− φ(x)∥∥ 4.
Further ‖HU − HZ‖  ‖HU − HV ‖ + ‖HV + σ(H0 − H) − HZ‖ + ‖H0 − H‖  3. Since
AdZtρ = ρβt , the flow t → AdZt on B(Hπ )γ restricts to a flow on C = ρ(D). Thus the triple
C,φ,Z satisfies the required conditions. 
Let U be a unitary flow on a Hilbert space H and let γt = AdUt on B(H). Let φ be a uni-
tal CP map of A into B(H)γ such that Qφ is an isomorphism of A into C(H)γ = Q(B(H)γ ),
a C∗-subalgebra of the Calkin algebra C(H), such that (Qφ)αt = γt (Qφ), where γ also de-
notes the induced flow on C(H)γ . Let D denote the closed linear span of φ(A) +K(H). Since
φ(x)φ(y) − φ(xy) ∈K(H) we deduce that D is a C∗-algebra. Since γtφ(x)− φαt (x) ∈K(H),
γ leaves D invariant. Since t → γt (b) is norm-continuous for b ∈ D as D ⊂ B(H)γ , we obtain
a flow γ |D on D. Thus (D,U) gives a covariant representation of (D,γ |D) whose quotient by
K(H) is (A,α). Note that Q(D × U) induces a homomorphism of A ×α R into C(H)γ . When
this is an isomorphism we say that (φ,U) induces an isomorphism of A×α R into C(H).
We denote for x ∈ A
ηφ(x) = max
(∥∥φ(x∗x)− φ(x)∗φ(x)∥∥1/2,∥∥φ(xx∗)− φ(x)φ(x)∗∥∥1/2).
The following is an extension of Lemma 2.1 of [4] to the flow case.
Lemma 2.12. Let α be a flow on a unital separable C∗-algebra A. Let U be a unitary flow on a
Hilbert space H and let γt = AdUt on B(H). Let  > 0 and let φ be a unital CP map of A into
B(H)γ such that γ−tφαt  e|t |φ and Qφ is an isomorphism with (Qφ)αt = γt (Qφ). Moreover
suppose that (φ,U) induces an isomorphism of A ×α R into C(H) = B(H)/K(H). Let (σ,Z)
be a covariant representation of (A,α) such that σ ×Z is faithful and essential. Then there exist
a sequence (Wn) of unitaries from Hσ into H such that ‖[WnW ∗n ,HU ]‖ → 0, and
lim sup
∥∥σ(x)−W ∗n φ(x)Wn∥∥ 2ηφ(x)n→∞
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lim sup
n→∞
∥∥HZ −W ∗nHUWn∥∥ .
Proof. Let (π,V ) be the Stinespring dilation of φ, i.e., (π,V ) is a covariant representation of
(A,α) with an isometry Y :H→Hπ such that φ(x) = Y ∗π(x)Y for x ∈A, HU = Y ∗HV Y , and
‖[P,HV ]‖ /2 with P = YY ∗, and π(A)PHπ is dense in Hπ .
We regard Hπ as PHπ ⊕ (1 − P)Hπ and express π(x) as
π(x) =
(
π11(x) π12(x)
π21(x) π22(x)
)
where π11(x) = Pπ(x)P , π12(x) = Pπ(x)(1 − P) etc.
We define the direct sum of infinitely many copies of π ; let π∞(x) = ⊕∞n=1 π(x),
V∞t =
⊕∞
n=1 Vt , and H∞V =
⊕∞
n=1 HV on H∞π =
⊕∞
n=1 PHπ ⊕ (1 − P)Hπ . Note that
eitH
∞
V = V∞t and that (π∞,V∞) is a covariant representation. Since ηφ(x) = ‖[P,π(x)]‖ =
max{‖Pπ(x)(1 − P)‖,‖Pπ(x∗)(1 − P)‖} = max{‖π12(x)‖,‖π21(x)‖}, the norm difference
π∞(x) and its diagonal part π∞d (x) =
⊕∞
n=1 π11(x)⊕ π22(x) is ηφ(x) and the norm difference
between H∞V and its diagonal part is ‖PHV (1 − P)‖ /2.
Define a unital CP map ψ from A into B(Hψ) by
ψ(x) = π11(x)⊕
∞⊕
n=1
π(x) = π11 ⊕ π∞(x)
on the Hilbert space Hψ = PHπ ⊕ ⊕∞n=1 PHπ ⊕ (1 − P)Hπ for x ∈ A and let Hψ =
PHV P ⊕⊕∞n=1 HV = PHV P ⊕ H∞V . Since Ad e−itHψψαt (x) = Yγ−t φαt (x)Y ∗ ⊕ π∞(x), it
follows that Ad e−itHψψαt  e|t |ψ . The norm difference between ψ(x) and its diagonal part
ψd(x) = π11(x) ⊕⊕∞n=1 π11(x) ⊕ π22(x) is ηφ(x). Similarly the norm difference of Hψ and
its diagonal part PHV P ⊕⊕∞n=1 PHV P ⊕ (1 − P)HV (1 − P) is ‖PHV (1 − P)‖  /2. By
identifying H∞π with Hψ through which ψd = π∞d we obtain that ‖ψ(x) − π∞(x)‖  2ηφ(x)
and ‖Hψ −H∞‖ .
Let D be the closed linear span of φ(A) +K(H), which is a unital separable C∗-subalgebra
of B(H)γ . We regard γt = AdUt as a flow on D.
Let ι be the identity representation of D ×γ R on H. If x ∈ D ×γ R satisfies ι(x) ∈ K(H)
or Qι(x) = 0, then by the assumption we obtain q(x) = 0 where q is the homomorphism from
D ×γ R onto A ×α R induced from the quotient of D onto A. Hence (πQ × V )(x) = 0. By
Lemma 3.5 in the next section ι⊕ (πQ×V )∞ is approximately equivalent to ι, i.e., there exists
a sequence (Wn) of unitaries from H⊕⊕∞n=1 PHπ ⊕ (1 − P)Hπ onto H such that
∥∥φ(x)⊕ π∞(x)−W ∗n φ(x)Wn∥∥→ 0
for x ∈ A, ‖HU ⊕H∞V −W ∗nHUWn‖ → 0, and ‖[WnW ∗n ,HU ]‖ → 0. We may identify φ with π11
and HU with PHV P . Then since ψ(x)= φ(x)⊕π∞(x) and ‖ψ(x)−π∞(x)‖ 2ηφ(x) we ob-
tain that lim supn ‖π∞(x)−W ∗n φ(x)Wn‖ 2ηφ(x). Similarly lim supn ‖H∞V −W ∗nHUWn‖ .
Since ‖[WnW ∗n ,HU ]‖ → 0 this completes the proof for (π∞,V∞). Hence by Voiculescu’s the-
orem this completes the proof in general. 
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of B(H) then B ⊂ C means that any x ∈ B has y ∈C with ‖x − y‖ .
Theorem 2.13. Let α be a flow on a separable exact C∗-algebra A and let (π,U) be a co-
variant representation of (A,α) such that (π × U)−1(K(Hπ )) is generated by π−1(K(Hπ )).
Then (π(A),U) is quasi-diagonal if and only if for any finite subset F of A and  > 0 there
exist a finite-dimensional C∗-subalgebra C of B(Hπ ) and a self-adjoint operator H such that
π(F) ⊂ C, Ad eitH (C) = C, and ‖HU −H‖ .
Proof. The if part can be proved just as in the proof of Theorem 2.11.
We may assume that A is unital. Suppose that (π(A),U) is quasi-diagonal. By Lemma 2.3
there is an increasing sequence (Pn) of finite-rank projections on Hπ with P0 = 0 such that
‖[Pn,π(x)]‖ → 0 for x ∈ A and ‖[Pn,HU ]‖ → 0. Let En = Pn − Pn−1 with P0 = 0. By
passing to a subsequence of (Pn) we may suppose that HU − H0 is compact and of small
norm where H0 =∑n EnHUEn, and π(x) − D(π(x)) ∈ K(Hπ ) for x ∈ A where D(π(x)) =∑
n Enπ(x)En. Let D = π(A) +K(Hπ ), which is a unital separable C∗-algebra and is the clo-
sure of D(π(A))+K(Hπ ). We define a flow on D by γt = Ad eitH0 . This is indeed well-defined
because Ad eitH0π(x)−παt (x) ∈K(Hπ ). Let B be the quotient of D byK(Hπ ) and denote by q
the quotient map. Then B is realized as the quotient of A by the α-invariant ideal π−1(K(Hπ ))
and has the induced flow α˙ satisfying qγt = α˙t q . Let ι be the identity representation of D ×γ R
on Hπ . Then Qι induces an isomorphism of B ×α˙ R into C(Hπ ) by assumption.
Note that 0 →K(Hπ ) → D → B → 0 is an exact sequence. Since π(A) and B are exact (as
being quotients of A), it follows that D = π(A) + K(Hπ ) is also exact and that there exists a
unital CP map φ of B into D such that qφ = id (see the proof of Theorem 1.2 of [4]). Let  > 0
and we replace φ by
ϕ = 
2
∫
e−|t |γ−t φα˙t dt,
which still satisfies that qϕ = id. Moreover ϕ satisfies γ−t ϕα˙t  e|t |ϕ. From the last paragraph
it follows that (ϕ,U) induces an isomorphism of B ×α˙ R into C(H).
Let ϕn(x) = (1−Pn)ϕ(x)(1−Pn) for x ∈ B; ϕn is a unital CP map of B into B((1−Pn)Hπ ).
Then qϕn = id (as Pn is of finite-rank) and β−t ϕnα˙t  e|t |ϕn (as βt (Pn) = Pn). Moreover (ϕn) is
asymptotically multiplicative. By using this fact we will show that (B, α˙) is quasi-diagonal. Let
F be a finite subset of B and  > 0. With ϕ constructed above with this  we choose n ∈ N such
that ‖ϕn(x)ϕn(y) − ϕn(xy)‖ <  for x, y ∈ F . Since e−|t |ϕn  γ−t ϕnα˙t  e|t |ϕn it follows
that ‖γtϕn − ϕnα˙t‖  e − 1 for t ∈ [−1,1]. Since Ad eitH0(1 − P0) induces a flow on Dn =
(1 − Pn)D(1 − Pn) and the pair Dn and eitH0(1 − Pn) is quasi-diagonal there are a matrix
algebra Mr , a flow β on Mr , and a unital CP map σ of Dn into Mr such that ‖σ(x)‖ (1−)‖x‖
and ‖σ(x)σ (y) − σ(xy)‖  ‖x‖‖y‖ for x, y ∈ ϕn(F), and ‖βtσ − σγt‖ <  for t ∈ [−1,1].
Then it follows that ‖σϕn(x)‖ (1 − )‖x‖ and ‖σϕn(x)σϕn(y) − σϕn(xy)‖ 2‖x‖‖y‖ for
x, y ∈ F . Moreover ‖βtσϕn − σϕnα˙t‖ <  + e − 1. This implies that α˙ is quasi-diagonal (see
Theorem 1.5 of [8]).
Let (ρ,V ) be a covariant representation of (B, α˙) such that ρ × V is faithful and essen-
tial. Then by Theorem 2.11 there are a sequence (Cm) of finite-dimensional C∗-subalgebras of
B(Hρ)β with βt = AdVt , a sequence of unital CP maps σm : A → Ck , and a sequence (Zm) of
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for x ∈A.
Fix ϕn = (1 − Pn)ϕ(·)(1 − Pn). By Lemma 2.12 there exists a sequence (Wk) of unitaries
from Hρ onto (1 − Pn)Hπ satisfying the conditions: lim supk ‖ρ(x)−W ∗k ϕn(x)Wk‖ 2ηϕn(x)
and ‖HV −W ∗k H0(1 − Pn)Wk‖ .
Let E = En,k,m = WkCmW ∗k + B(PnHπ ) and let H = Hn,k,m = WkHZmW ∗k +H0Pn for suf-
ficiently large n, k,m. Note that E is a finite-dimensional C∗-algebra and Ad eitH leaves E
invariant. Since π(x)− ϕqπ(x) ∈K(Hπ ) for x ∈A we deduce that∥∥(1 − Pn)π(x)(1 − Pn)− ϕnqπ(x)∥∥→ 0
for x ∈ A. Since lim supk ‖ϕnqπ(x) − Wkρqπ(x)W ∗k ‖  2ηϕn(x), it follows that ‖(1 −
Pn)π(x)(1 − Pn)−Wkσm(q(π(x)))W ∗k ‖ is smaller than or equal to∥∥(1 − Pn)π(x)(1 − Pn)− ϕnqπ(x)∥∥+ ∥∥ϕnqπ(x)−Wkρqπ(x)W ∗k ∥∥+ ∥∥ρqπ(x)− σmqπ(x)∥∥,
which converges to zero as n, k,m → ∞. In this way any π(x) for x ∈ A and any compact
operator on Hπ will be eventually contained in En,k,m as n, k,m → ∞. Note that∥∥Hn,k,m −HU∥∥ ‖HZm −HV ‖ + ∥∥WkHVW ∗k − (1 − Pn)H0∥∥+ ‖H0 −HU‖,
which can be made arbitrarily small by first choosing (Pn) (when defining H0) and  (when
defining ϕ) and by making k,m → ∞. This completes the proof. 
Remark 2.14. Let α be an MF flow on a separable C∗-algebra A (see Definition 3.1 of [7]).
That is, A can be embedded into (
∏∞
n=1 Mkn)β/
⊕∞
n=1 Mkn , where (kn) is a sequence of positive
integers, βn is a flow on Mkn , β =
∏∞
n=1 βn, and (
∏
nMkn)β is the maximal C∗-subalgebra of∏
nMkn on which β is strongly norm-continuous, and the flow α identifies with the restriction
of β on A. More precisely, let B be the C∗-subalgebra of
∏
nMkn obtained as the inverse image
of A. Then β leaves B invariant and drops to α under the quotient by
⊕
nMkn . Note that β is
an RF flow. If B is exact, then it follows from the above proof that α is quasi-diagonal (and A
is exact). If A is nuclear then α is quasi-diagonal by Theorem 4.7 of [7]. The situation for flows
is much the same for C∗-algebras. (The author benefited from talking with N. Ozawa on this
matter.)
3. Voiculescu’s results
Let α be a flow on a separable C∗-algebra A. Let ρ be a CP map of A×α R into B(H) such that
ρ(1) = 1 where ρ also denotes the natural extension to a CP map from M(A ×α R) into B(H).
That is, we have assumed that limν ρ(eν) = 1 strongly where (eν) is an approximate identity
for A ×α R. We will call such a CP map a unital CP map. Then there are a representation π
of A ×α R and an isometry W : H → Hπ such that ρ(x) = W ∗π(x)W for x ∈ A ×α R. Let
π(H) denote the self-adjoint generator of t → π(λt ), where t → λt is the canonical unitary flow
in M(A ×α R) and π is regarded as a homomorphism from M(A ×α R) into B(Hπ ). Under
the additional assumption that π(A ×α R)WH is dense in Hπ it follows that the pair π,W is
unique in the sense that if π ′,W ′ is another pair there is a unitary Z of Hπ onto Hπ ′ such that
W ′ =ZW and π(x) =Z∗π ′(x)Z for x ∈ A×α R. (One can define Z by Zπ(x)Wξ = π ′(x)W ′ξ
for x ∈A×α R and ξ ∈H.)
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[π(H),E] is bounded on D(π(H)). We say that ρ is strongly tame if ρ moreover satisfies that
ED(π(H)2) ⊂ D(π(H)2) and [π(H), [π(H),E]] is bounded on D(π(H)2). (If δ(E) denotes
the closure of [π(H),E] then the latter condition is equivalent to saying that δ(E)D(π(H)) ⊂
D(π(H)) and [π(H), δ(E)] is bounded on D(π(H)).) If ρ is tame then Eπ(H)E is self-adjoint
on EHπ and thus we set ρ(H)=Eπ(H)E. For such a ρ we define the tameness of ρ as T (ρ) =
‖[E,π(H)]‖. (We called ρ α-differentiable when (ρ(λt )−1)/it exists as a self-adjoint operator
as t → 0. This is weaker than ρ being tame as can be shown even in the case E is a rank-one
projection. That is, if ξ is a unit vector in D(|π(H)|1/2) then the state ωξ : x → 〈π(x)ξ, ξ 〉 is
α-differentiable but not tame. Note that ωξ is tame if and only if ξ ∈D(π(H)) and that T (ωξ ) =
‖π(H)ξ‖2 − |〈π(H)ξ, ξ 〉|2 in this case. Note also that ωξ is strongly tame if and only if ξ ∈
D(π(H)2).)
Let σ be a CP map of A ×α R into B(Cn) such that σ(1) = 1 and Spα(σ ) is compact. That
is, we have assumed that there is an f ∈ L1(R) such that 0  λ(f )  1, σ(λ(f )) = 1, and
the Fourier transform fˆ has compact support where λ(f ) = ∫ f (t)λt dt . Suppose σ is given
as Eπ(·)E as above. Then since E  π(λ(f )) and π(H 2)E is bounded we deduce that σ is
strongly tame. Note that σ(H) is equal to iπ(λ(f ′)) as well as σ(H 2) = −π(λ(f ′′)). In this
case T (σ )= ‖σ(H 2)− σ(H)2‖1/2.
In Theorem 3.1 of [8] we asserted the following: If π and ρ are representations of A×α R such
that Ker(ρ) ⊂ Ker(π) and ρ is essential then there is a sequence (Wk) of isometries from Hπ
into Hρ such that π(x) − W ∗k ρ(x)Wk ∈ K(Hπ ) for x ∈ A with ‖π(x) − W ∗k ρ(x)Wk‖ → 0
and π(H) − W ∗k ρ(H)Wk ∈ K(Hπ ) with ‖π(H) − W ∗k ρ(H)Wk‖ → 0. For x ∈ A since it is
bounded we have that ‖[WkW ∗k , ρ(x)]‖ → 0, a fact we also used in later proofs. We also used‖[WkW ∗k , ρ(H)]‖ → 0, which was not quite obvious, a missed-out fact, and which was proved
explicitly in the proof of Lemma 3.4 of [8]. In the following expositions which will lead to
Lemma 3.5 used in the previous section, we will correct this defect in tracing Lemmas 3.5 and 3.6
of [8]. We will replace “α-differentiable CP maps” by “strongly tame CP maps” and use the
tameness of initial CP maps to derive the norm estimate of commutators [WkW ∗k , ρ(H)] etc.
Lemma 3.1. Let H be a self-adjoint operator on a Hilbert space H and E be the spectral mea-
sure of H . If G is a projection on H such that GH⊂D(H 2), then ‖E[−n,n]HG−HG‖ → 0
as n→ ∞.
Proof. Suppose there is a δ > 0 such that ‖(1 −E[−n,n])HG‖ δ for any n. Then for any n ∈
N there is a unite vector ξn ∈GH such that ‖(1−E[−n,n])Hξn‖2  δ. We compute ‖H 2ξn‖2 =
‖E[−n,n]H 2ξn‖2 + ‖(1 −E[−n,n])H 2ξn‖2  n2δ. This contradicts the assumption that H 2G
is bounded. 
We shall modify Lemma 3.5 of [8] as:
Lemma 3.2. Let ρ be a homomorphism of A ×α R into B(H) such that Ran(ρ) ∩K(H) = {0}
and let σ be a unital CP map of A ×α R into B(Cn) such that Spα(σ ) is compact and
Ker(σ ) ⊃ Ker(ρ). Then for any finite-rank projection P0 onH there is a sequence (Wk) of isome-
tries of Cn into (1 − P0)H such that WkW ∗k is mutually orthogonal, ‖σ(x)−W ∗k ρ(x)Wk‖ → 0
for x ∈ A×α R, ‖σ(H)−W ∗k ρ(H)Wk‖ → 0, and limk ‖[WkW ∗k , ρ(H)]‖ T (σ ) = ‖σ(H 2)−
σ(H)2‖1/2.
564 A. Kishimoto / Journal of Functional Analysis 264 (2013) 551–569More generally let ρ be a unital strongly tame CP map of A×α R into B(H) such that Qρ is
a homomorphism satisfying Ker(σ ) ⊃ Ker(Qρ). Then the same conclusion follows.
Proof. Let f,g ∈ L1(R) be such that 0 fˆ  gˆ  1, fˆ gˆ = fˆ , σ(λ(f )) = 1, and gˆ has compact
support. Let F be the support projection of ρ(λ(f )) and let P ′0 be the support projection of FP0F
which is of finite rank. As in the proof of Lemma 3.5 of [8] we can choose Wk as an isometry
from Cn into (F − P ′0)H= FH ∩ (1 − P0)H.
Compared with Lemma 3.5 of [8] we have newly added the condition on ‖[Pk,ρ(H)]‖ where
Pk = WkW ∗k . (We have also added the statement that Pk’s are orthogonal, which can be easily
arranged from limk Pk = 0 strongly.) So suppose that we have chosen (Wk) as required except
for this condition. Let σk =W ∗k ρ(·)Wk which converges to σ in the sense stated above. Since
∥∥Pkρ(H 2)Pk − Pkρ(H)Pkρ(H)Pk∥∥= ∥∥σk(H 2)− σk(H)σk(H)∥∥
is equal to ‖Pkρ(H)(1 − Pk)ρ(H)Pk‖ = ‖(1 − Pk)ρ(H)Pk‖2 = ‖[Pk,ρ(H)]‖2 and σk(H 2) =
σk(H
2λ(g)) converges to σ(H 2λ(g)) = σ(H 2) it follows that limk ‖[Pk,ρ(H)]‖2 = ‖σ(H 2)−
σ(H)2‖.
If ρ is a general CP map we may assume that there is a representation π of A ×α R and a
projection E on Hπ such that ρ = Eπ(·)E. With F the support projection of π(λ(f )) as above
one finds Wk : Cn → Hπ such that Pk = WkW ∗k is a projection dominated by G − P ′0, where
G is the spectral projection of EFE corresponding to [1/2,1] and P ′0 is the support projection
of GP0G, in addition to the other properties required except on ‖[Pk,ρ(H)]‖. (We are approxi-
mating the state ϕ on Mn ⊗ (A×α R) associated with σ which satisfies ϕ(1 ⊗ F) = 1 by vector
states 〈ι ⊗ π(·)ξ, ξ 〉 with ξ ∈ Cn ⊗ EHπ , where ι is the natural representation of Mn on Cn.
See the proof of Lemma 3.5 of [8] for details.) Since π(H)EF = [π(H),E]F + Eπ(H)F ,
we deduce that π(H)EFE is bounded as well as π(H)G. Moreover π(H)2EFE is bounded
because π(H)2EF = [π(H), [π(H),E]]F + 2[π(H),E]π(H)F + Eπ(H)2F . Thus we de-
duce that π(H)2G is bounded. By Lemma 3.1 for any  > 0 one can find h ∈ L1(R) such that
0  λ(h)  1, the support of hˆ is compact, and ‖π(λ(h))π(H)G − π(H)G‖ < . Moreover
we may assume that σ(λ(h)) = 1. Since Pk  G one can conclude that (π(H)Wk)∗π(H)Wk
converges to σ(H 2) as (π(H)Wk)∗π(H)Wk ≈ W ∗k π(H)2π(λ(h))Wk . Since ‖[Pk,ρ(H)]‖ =
‖(E − Pk)ρ(H)Pk‖ ‖(1 − Pk)π(H)Pk‖, it follows that lim supk ‖[Pk,ρ(H)]‖2  ‖σ(H 2)−
σ(H)2‖. 
We shall modify Lemma 3.6 of [8] as:
Lemma 3.3. Let ρ be a unital strongly tame CP map of A ×α R into B(H) such that Qρ is a
homomorphism of A×α R into B(H)/K(H). Let σn :A×α R → B(Hn) be a sequence of unital
CP maps such that Spα(σn) is compact and limn T (σn) = 0. Let σ =
⊕
n σn on Hσ =
⊕
nHn
which is a tame CP map with T (σ ) = maxn T (σn). If σn  ρ for all n (i.e., the conclusion of
Lemma 3.2 prevails) then there is a sequence of isometries Wk : Hσ → H such that σ(x) −
W ∗k ρ(x)Wk is compact with ‖σ(x) − W ∗k ρ(x)Wk‖ → 0 for x ∈ A ∪ A ×α R, Pk = WkW ∗k are
mutually orthogonal, [Pk,ρ(H)] is compact with lim supk ‖[Pk,ρ(H)]‖  T (σ ), and σ(H) −
W ∗k ρ(H)Wk is compact with ‖σ(H)−W ∗k ρ(H)Wk‖ → 0.
Proof. We shall apply Lemma 3.2 repeatedly; first σ1, then σ1, σ2, and then σ1, σ2, σ3 and so
on. Namely let (Fk) be an increasing sequence of finite subsets of A ∪ A ×α R such that the
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k Fk is dense and we construct an isometry Wk,n : Hn → H for n = 1,2, . . . , i such
that ‖σn(x) − W ∗k,nρ(x)Wk,n‖ < 1/k for x ∈ Fk and ‖σn(H) − W ∗k,nρ(H)Wk,n‖ < 1/k and‖[Pk,n, ρ(H)]‖ < T (σn) + 1/k with Pk,n = Wk,nW ∗k,n. Moreover we will impose the following
conditions on Pk,n.
Suppose that ρ is given as Eπ(·)E in the proof of Lemma 3.2. Let Fn be the support projection
of π(λ(fn)) where λ(fn) satisfies that 0 λ(fn) 1, σn(λ(fn)) = 1, and supp(fˆ n) is compact.
Let Gn be the spectral projection of EFnE corresponding to [1/2,1]. We choose Wk,n such
that GnWk,n = Wk,n as in the proof of Lemma 3.2. Furthermore we impose the condition that
Pk,n =Wk,nW ∗k,n is orthogonal to
Qk,n =
∑
mik−1
Pi,m +
∑
m<n
Pk,m
and to the range projections of Gnπ(H)Qk,n and of(
π(H)Gn
)∗
Eπ(H)Qk,n.
Hence in particular all Pk,n are mutually orthogonal. Moreover if (i,m) = (j, n) then the support
projections of [Pi,m,ρ(H)] and [Pj,n, ρ(H)] are orthogonal. We set Wk =⊕∞n=1 Wn+k−1,n for
k = 1,2, . . . which is an isometry from Hσ into H. It follows that Pk = WkW ∗k =
∑
n Pn+k−1,n
are mutually orthogonal. Since
[
Pk,ρ(H)
]=∑
n
[
Pn+k−1,n, ρ(H)
]
is a direct sum it also follows that [Pk,ρ(H)] is compact with norm less than max{T (σn) +
1/(n+ k − 1) | n= 1,2, . . .}. This completes the proof. 
Lemma 3.4. Let π and ρ be representations of A ×α R. Suppose that ρ−1(K(Hρ)) ⊂ Ker(π).
Then there is a sequence (Wn) of isometries ofHπ intoHρ such that WnW ∗n are mutually orthog-
onal and π(x)−W ∗n ρ(x)Wn is compact with ‖π(x)−W ∗n ρ(x)Wn‖ → 0 for x ∈ A∪A×α R and
HU − W ∗nHVWn is compact with ‖HU − W ∗nHVWn‖ → 0. Moreover [WnW ∗n ,HV ] is compact
with ‖[WnW ∗n ,HV ]‖ → 0.
Proof. For any  > 0 and a finite subset F of A ∪A ×α R there exists a sequence of unital CP
maps σn : A×α R → B(Hn) such that σn|Ker(π ×U)= 0, Spα(σn) is compact, dim(Hn) < ∞,
T (σn) < , T (σn)→ 0 as n→ ∞, and the following conditions hold for σ =⊕n σn :A×α R →
B(Hσ ) with Hσ =⊕∞n=1Hn: There is an isometry Z :Hπ →Hσ such that π(x) − Z∗σ(x)Z
is compact for x ∈ A ∪ A ×α R, ‖π(x) − Z∗σ(x)Z‖ <  for x ∈ F , and π(H) − Z∗σ(H)Z is
compact with ‖π(H) − Z∗σ(H)Z‖ < , and ‖[ZZ∗, σ (H)]‖ < , where σ(H) =⊕n σn(H)
(see Lemma 3.4 of [8]; σn is obtained by cutting down π by a finite-rank projection).
Then by Lemma 3.3 there is a sequence (Yk) of isometries from Hσ into Hρ such that
‖σ(x) − Y ∗k ρ(x)Yk‖ → 0, ‖σ(H) − Y ∗k ρ(H)Yk‖ → 0, lim supk ‖[YkY ∗k , ρ(H)]‖  T (σ ) < ,
etc. Let Wk = YkZ, which is an isometry from Hπ into Hρ . Since ‖[YkZZ∗Y ∗k , ρ(H)]‖ 
2‖[YkY ∗k , ρ(H)]‖+‖[ZZ∗, Y ∗k ρ(H)Yk]‖ and ‖[ZZ∗, Y ∗k ρ(H)Yk]‖ 2‖σ(H)−Y ∗k ρ(H)Yk‖+‖[ZZ∗, σ (H)]‖, it follows that ‖[WkW ∗k , ρ(H)]‖ < 2T (σ ) +  for sufficiently large k. Since
W ∗k ρ(x)Wk =Z∗Y ∗k ρ(x)YkZ ≈Z∗σ(x)Z etc. one can conclude that π(x)−W ∗k ρ(x)Wk is com-
pact for x ∈ A ∪ A ×α R, and ‖π(x) − Wkρ(x)Wk‖ <  for x ∈ F for sufficiently large k, and
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will prove the case where there is no additional condition on WkW ∗k imposed.
In general we choose a sequence of unital tame CP maps (τk) of the type σ =⊕σn and
isometries (Zk) with Zk :Hπ →Hτk such that T (τk) → 0 and ‖[ZkZ∗k , τk(H)]‖ → 0 in addition
to the usual properties on π and Z∗k τk(·)Zk . Then set τ =
⊕
k τk . Since τ =
⊕
k
⊕
n τk,n where
τk,n is a unital CP map of A×α R into B(Hk,n) with dimHk,n <∞ and Spα(τk,n) compact, one
can argue as in the proof of Lemma 3.2 to conclude that there is a sequence (Wi) of isometries
of Hτ into Hρ such that the conclusion there holds; in particular WiW ∗i are mutually orthogonal,
and moreover if Fk is the projection onto the kth direct summand Hτk in Hτ =
⊕
kHτk then
lim supi ‖[WiFkW ∗i , ρ(H)]‖  T (τk), which follows from the construction of Wi (which is a
sum of isometries from each Hk,m into Hρ ). Thus we may obtain a sequence (WikZk) for a
suitable choice of (ik). 
The following is an extension of Theorem 1.3 of Voiculescu [11].
Lemma 3.5. Let ρ be a faithful representation of A×α R and let I = {x ∈A×α R | (ρ×U)(x) ∈
K(Hρ)}. Let π be a representation of A ×α R such that π(I) = 0. Then there is a sequence of
unitaries Wk :Hρ ⊕Hπ →Hρ such that ρ(x) − W ∗k (ρ(x) ⊕ π(x))Wk is compact with norm
converging to zero for x ∈ A ∪ A ×α R, ρ(H) − W ∗k (ρ(H) ⊕ π(H))Wk is compact with norm
converging to zero.
Proof. By the above lemma there is a sequence (Zn) of isometries from Hπ into Hρ such that
ZnZ
∗
n are mutually orthogonal and ‖π(x) − Z∗nρ(x)Zn‖ → 0 and ‖π(H) − Z∗nρ(H)Zn‖ → 0
and ‖[ZnZ∗n, ρ(H)]‖ → 0 etc. By passing to a subsequence of (Zn) we may assume that∑
n ‖Znπ(x) − ρ(x)Zn‖ < ∞ for a dense set of x ∈ A ∪ A ×α R and
∑
n ‖Znπ(H) −
ρ(H)Zn‖ < ∞. Then we define an isometry on Hρ by Sk = 1 −∑∞n=k ZnZ∗n +∑∞k=n Zk+1Z∗k
with SkS∗k = 1 −ZkZ∗k and define a unitary Wn :Hρ ⊕Hπ →Hρ by
Wn(ξ ⊕ η) = Snξ +Znη.
Then by replacing (Zn) by a subsequence if necessary one can show that ‖ρ(x) ⊕ π(x) −
W ∗n ρ(x)Wn‖ → 0 etc. See the proof of Theorem 1.3 of [11]. 
4. Flows on exact C∗-algebras
Any flow on an exact C∗-algebra has the following property.
Proposition 4.1. Let α be a flow on a separable exact C∗-algebra A and let (π,U) be a covariant
representation of (A,α). Then there is a sequence (φn) of CP contractions of A into B(Hπ ) such
that ‖π(x) − φn(x)‖ → 0 for x ∈ A, and sup|t |1 ‖AdUtφn − φnαt‖ → 0, and φn(A) is finite-
dimensional.
Proof. We may suppose that A is unital. Since A/Ker(π) is exact there are a sequence (rn) in N
and sequences of unital CP maps σn from A into Mrn and of unital CP maps τn of unital CP
maps of Mrn into B(Hπ ) such that ‖π(x)− τnσn(x)‖ → 0 for x ∈A. By replacing σn by
γ
∫
e−γ |t |σαt dt2
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A×α R, i.e., there is a covariant representation (ρn,Vn) and a finite-rank projection Pn on Hρn
such that σn can be identified with Pnρ(·)Pn and PnHπn ⊂ D(HVn) and [Pn,HVn] is bounded.
We may further assume that ρn ×Vn is faithful and essential. Then for any  > 0 there is a finite-
rank projection En on Hρn such that Pn  En and EnHπn ⊂ D(HVn) and ‖[En,HVn]‖ < 2/2.
We set σ ′n(x) = Enπn(x)En, which is a unital CP map of A into B(EnHπn) ∼= Msn for some
sn ∈ N. If we let Hn = EnHVnEn and βn,t = Ad eitHn |Msn , then it follows that ‖βn,−t σ ′nαt −
σ ′n‖ 2|t |.
Let τ ′(Q) = τn(PnQPn) for Q ∈ Msn . Then it follows that τ ′σ ′n(x) = τnσn(x) for x ∈ A. We
define
τ ′n(Q) =

2
∫
e−|t | AdU−t τ ′βn,t (Q)dt
for Q ∈Msn . Then since
∥∥∥∥τ ′nσ ′n(x)− 2
∫
e−|t | AdU−t τnσnαt (x) dt
∥∥∥∥ ‖x‖
for x ∈ A, it follows that lim supn ‖τ ′nσ ′n(x) − π(x)‖  ‖x‖. Note that ‖AdUn,t τ ′nσ ′n −
τ ′nσ ′nαt‖ ‖AdUtτ ′n − τ ′nβn,t‖ + ‖βn,tσ ′n − σnαt‖ |t | + 2|t |.
Let (Fn) be an increasing sequence of finite subsets of A whose union is dense in A and
(n) a decreasing sequence of positive numbers converging to zero. Then constructing σ ′k, τ ′k
depending on  = n one can find a unital CP map φn = τ ′kσ ′k for a sufficiently large k such that
‖φn(x)− π(x)‖ 2n‖x‖ for x ∈Fn. Since the dimension of φn is less than or equal to s2k , this
concludes the proof. 
In the same token we can show for flows on amenable C∗-algebras:
Proposition 4.2. Let α be a flow on an amenable C∗-algebra A. Then for any finite subset F
of A and  > 0 there is a flow β on a finite-dimensional C∗-algebra B and CP contractions
σ :A → B and τ : B →A such that
∥∥τσ (x)− x∥∥< , x ∈F,
‖σαt − βtσ‖< , t ∈ [−1,1],
‖τβt − αtτ‖< , t ∈ [−1,1].
Proof. There exist B,σ, τ such that the first of the above three conditions is satisfied. Then we
can modify σ, τ just as in the proof of the previous proposition. 
5. Covariant representations
We shall give a sketchy proof of the following proposition which is used for the proof of
Corollary 2.9. The materials are taken from [6].
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Connes spectrum. If α has a ground state then there is a covariant representation (ρ,V ) such
that ρ is irreducible and ρ × V is faithful.
Proof. The assumption implies that there is a covariant representation (π,U) such that π is
irreducible but π ×U is not faithful; more precisely Sp(HU) ⊂ [0,∞) (see [3,10]).
Let t → λt be the canonical unitary group in M(A ×α R) implementing α on A. For t ∈ R
there is a sequence (xn) in A such that π(xn) → Ut in the strong operator topology since
Ut ∈ B(Hπ ) = π(A)′′. Then based on (xn) we can forge anther sequence (xn) in A such that
‖xn‖ = 1, π(xn) → Ut , and ‖[xnλ−t , b]‖ → 0 for b ∈A×α R. Here we use the separability of A.
Then it follows that ‖xnλ−t b‖ → ‖b‖ for b ∈ A×α R. (Since (π ×U)(xnλ−t b) → (π ×U)(b)
strongly we obtain that lim inf‖xnλ−t b‖  ‖(π × U)(b)‖. Since αˆs(xnλ−t ) = e−ist xnλ−t we
further obtain that lim inf‖xnλ−t b‖ ‖(π ×U)αˆs(b)‖. Since the direct sum of (π ×U)αˆs over
s ∈ R is faithful, we can conclude that limn ‖xnλ−t b‖ = ‖b‖.) Since A ×α R is separable and
prime there is a decreasing sequence (In) of non-zero ideals of A ×α R such that any non-zero
primitive ideal P has n with P ⊃ In (see 8.11.10 and 4.3.4, 4.3.6 of [9]).
Let T be the set of pseudo-projections of A ×α R, i.e., the set of e ∈ A ×α R such that
0  e  1 and ea = a for some non-zero a ∈ A ×α R. Let (tn) be a dense sequence in R, (n)
a decreasing sequence of positive numbers converging to zero with 1 < 1/2, and (Fn) be an
increasing sequence of finite subsets of A×α R with dense union. Define a continuous function f
on [−1,1] by f(t) = 1 on [1 − ,1] and f (t) = 0 on [−1,1 − 2] and by linearity elsewhere.
Let e1 ∈ T and choose a1 ∈ I1 ∩ T such that e1a1 = a1. The existence of a1 follows
since I1 is a non-zero ideal of a prime C∗-algebra. We choose x1 ∈ A such that ‖x1‖ = 1,
‖[x1λt1, b]‖ < 1 for b ∈F1, and Sp(a1(x1λt1)a1)∩ (1 − 1,1] = ∅, where (c) = (c+ c∗)/2.
We set e2 = f1(a1(x1λt1)a1) which belongs to I1 ∩ T and choose a2 ∈ I2 ∩ T such that
e2a2 = a2. Note that e1e2 = e2. We continue this way; thus we obtain sequences (en) and (an)
in T and (xn) in A such that en ∈ In−1, enen+1 = en+1, enan = an ∈ In, ‖[xnλtn, b]‖ < n for
b ∈ Fn, and en+1 = fn(an(xnλtn)an), where Sp(an(xnλtn)an) ∩ (1 − n,1] = ∅. Let ϕ be a
pure state of A×α R such that ϕ(en) = 1 for all n. Since 1−2n  ϕ(an(xnλtn)an) ϕ(a2n), one
can conclude that ϕ(a2n) → 1. Then it follows that ‖(πϕ(an)−1)Ωϕ‖2 = ϕ(a2n)+1−2ϕ(an) → 0
in the GNS representation (πϕ,Ωϕ) associated with ϕ. Using this fact one can deduce that
〈Ωϕ,πϕ(xknλtn)Ωϕ〉 → 1. For any t ∈ R there is a sequence (kn) in N such that kn → ∞ and
tkn → t . We may further assume that πϕ(xkn) converges in the weak operator topology, say
to Q. Since πϕ(λtkn ) converges to πϕ(λt ) strongly, it follows that Qπϕ(λt ) is the weak limit of
πϕ(xknλtkn ). Then one can derive that 〈Ωϕ,Qπϕ(λt )Ωϕ〉 = 1 and that Qπϕ(λt ) ∈ C1 as (xknλtkn )
eventually commutes with all elements in
⋃
nFn. Thus Qπϕ(λt ) = 1 or πϕ(λt ) ∈ πϕ(A)′′. Since
πϕ is irreducible, this implies that πϕ |A is already irreducible. Since ϕ|In is a state for any n, one
deduces that πϕ is faithful. Since πϕ is obtained as πϕ |A× V where Vt = πϕ(λt ) this completes
the proof. 
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